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Abstract
We study generalized (1+1)-dimensional Dirac oscillator in nonuni-
form electric field. It is shown that in the case of specially chosen
electric field the eigenvalue equation can be casted in the form of su-
persymmetric quantum mechanics. It gives a possibility to find exact
solution for the energy spectrum of the generalized Dirac oscillator
in nonuniform electric field. Explicit examples of exact solutions are
presented. We show that sufficiently large electric field destroys the
bounded eigenstates.
Key words: generalized Dirac oscillator, supersymmetric quantum
mechanics, exact solution.
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1 Introduction
The Dirac oscillator is one of few relativistic systems admitting exact solu-
tions. For the first time the oscillator was introduced in [1] as relativistic
∗voltkachuk@gmail.com
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system with Hamiltonian linear in both momenta and coordinates. Later
this relativistic system was reintroduced in [2] where it was called as the
Dirac oscillator. This publication immediately gave rise to much interest in
studies of the system. It is worth mentioning that experimental realization
of the Dirac oscillator was proposed recently in [3]. Short history of Dirac
oscillator can be found in [4].
Note that the Dirac oscillator can be solved exactly in the case of quan-
tized space with minimal length [5, 6]. There is also generalized version of
Dirac oscillator which is exactly solvable [7, 8, 9, 10].
In this paper we propose new class of exactly solvable relativistic sys-
tems. Namely, we show that the generalized Dirac oscillator can be exactly
solved in the case of specially chosen nonuniform electric field. The paper
is organized as follows. In Section 2 we consider the generalized Dirac oscil-
lator in nonuniform electric field and find its relation with supersymmetric
(SUSY) quantum mechanics. This gives a possibility to find exact solution of
eigenvalue equation. In Section 3 we present examples of generalized Dirac
oscillators in electric field which can be solved exactly.
2 Generalized Dirac oscillator in electric field
and SUSY quantum mechanics
Eigenvalue equation for (1+1)-dimensional Dirac oscillator reads
(σx(px − imωxσz) +mσz)ψ = Eψ (1)
where we put the Planck constant h¯ = 1 and the velocity of light c = 1. The
momentum operator reads px = −id/dx.
Generalized Dirac oscillator can be obtained from the ordinary Dirac
oscillator with the help of substitution
mωx→ W (x), (2)
where W (x) can be called as superpotential.
In addition we take into consideration the potential energy U(x) = eV (x)
of charge e in scalar potential V (x) which corresponds to nonuniform electric
field −dV (x)/dx. Eigenvalue equation for generalized Dirac oscillator in
scalar potential now reads
(σx(px − iW (x)σz) +mσz)ψ = (E − U(x))ψ (3)
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which can be rewritten in the form
(σxpx − σyW (x) +mσz − (E − U(x))ψ = 0. (4)
In order to reduce this equation to second order one we present solution
in the form
ψ = (σxpx − σyW (x) +mσz + (E − U(x))ψ˜. (5)
Substituting it into (4), we find equation for new function ψ˜
(p2
x
+W 2 +m2 − (E − U)2 − σzW ′ + iσxU ′)ψ˜ = 0, (6)
where prime denotes the derivative W ′(x) = dW (x)/dx.
Let us consider special case
U = κW, (7)
where κ is some real constant. In this case equation (6) reads
(p2
x
+W 2 +m2 − (E − κW )2 + (−σz + iκσx)W ′)ψ˜ = 0. (8)
It is important that the spin operators are included now in one block (−σz+
iκσx) and solution can be found in the form
ψ˜ = χφ(x), (9)
where χ is spin part of wave function satisfying equation
(−σz + iκσx)χ = λχ (10)
with eigenvalues
λ = σ
√
1− κ2, (11)
here σ = ±1.
Equation for coordinate part of the wave function can be written in the
form
(p2
x
+ (1− κ2)W 2 + 2EκW + σ
√
1− κ2W ′)φ = (E2 −m2)φ. (12)
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This equation can be reduced to the form of equation of SUSY quantum
mechanics
(p2
x
+ W˜ 2 + σW˜ ′)φ = ǫφ. (13)
where
ǫ =
(
E2
1− κ2 −m
2
)
(14)
and
W˜ =
√
1− κ2
(
W +
κ
1− κ2E
)
(15)
can be treated as new superpotential. For review of SUSY quantum mechan-
ics see for instance [11, 12].
3 Exact solution of Dirac oscillators for dif-
ferent electric fields
Equation (13) can be solved exactly for the so called shape-invariant super-
potentials [13]. Note that all exactly solvable potentials in one-dimensional
quantum mechanics correspond to this case.
Example 1. Let us consider W = x that leads to the ordinary Dirac
oscillator with ωm = 1. In this case the potential energy U = κW = κx
gives the uniform electric field, strength of which multiplied by charge e is
−κ. Equation (13) can be written in the form of eigenvalue equation for
harmonic oscillator
(p2
x
+ (1− κ2)(x− x0)2 + σ
√
1− κ2)φ = ǫφ, (16)
where x0 = κE/
√
1− κ2. Energy spectrum of this harmonic oscillator is well
know
ǫσ =
√
(1− κ2) (2n+ 1 + σ) , n = 0, 1, 2, ... (17)
Then according to (14) energy spectrum of Dirac oscillator in this case is as
follows
E±
σ
= ±
√
(1− κ2)(
√
1− κ2(2n + 1 + σ) +m2). (18)
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Introducing nσ = n + (1 + σ)/2, the energy spectrum can be written in the
form
E±
σ
= ±
√
(1− κ2)(
√
1− κ22nσ +m2), (19)
where n− = 0, 1, 2, ..., n+ = 1, 2, .... One can see that nonzero energy levels
are two-fold degenerated when n+ = n− = 1, 2, .... This is result of super-
symmetry. It is interesting to note that when the value of electric field is
large then critical one |κ| > 1 the bounded eigenstates are absent.
Example 2. Let us consider W = α0 tan(x), where α0 > 0. Then poten-
tial energy (7) reads U(x) = κα0 tan(x) and corresponds to the nonuniform
electric field. In this case we have
W˜ = α tan(x) + β, (20)
where
α = α0
√
1− κ2, β = κ√
1− κ2E. (21)
Eigenvalue of (13) with superpotential (20) is well known [11, 13]
ǫσ = α
2 + β2 − (α− nσ)2 − α
2β2
(α− nσ)2 , (22)
where n− = 0, 1, 2, ..., nmax < α for σ = +1 and n+ = 1, 2, ..., nmax < α for
σ = −1. Then taking into account (14) and (21) we obtain the following
equation for the energy spectrum
E2
σ
+
α20κ
2
(α0
√
1− κ2 − nσ)2
E2
σ
=
= m2 + α20(1− κ2)− (α0
√
1− κ2 − nσ)2 (23)
solution of which give the energy spectrum for generalized Dirac oscillator
E±
σ
= ±
√
m2 + α20(1− κ2)− (α0
√
1− κ2 − nσ)2
1 + α20κ
2/(α0
√
1− κ2 − nσ)4
. (24)
As result of supersymmetry non-zero energy levels are two-fold degenerated
at n− = n+ = 1, 2, .... Concerning relation of degeneracy of energy levels
with algebra of supersymmetry see for instance papers [11, 14].
Similarly as in the first example at |κ| > 1 the bounded eigenstates are
absent. So, the sufficiently strong electric field destroys the bounded states.
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4 Conclusion
In this paper we proposed new class of exactly solvable relativistic systems.
We found that generalized (1+1)-dimensional Dirac oscillator in electric field
can be solved exactly when superpotential W (x) and potential energy are re-
lated linearly as in (7). We showed that in this case the eigenvalue equation
for considered system can be reduced to the eigenvalue equation of SUSY
quantum mechanics with new superpotential W˜ (x) given by (15). For shape
invariant superpotentials the generalized Dirac oscillator in electric field is
exactly solvable. In contrast to the ordinary SUSY the superpotential W˜ (x)
contains energy of the system. Therefore applying technique of the shape-
invariant potentials we obtain some algebraic equation the solution of which
gives the exact energy spectrum. In addition the superpotential W˜ (x) be-
cames imaginary for |κ| > 0 that corresponds to large electric field. In this
case the bound eigenstates are absent. Thus, sufficiently strong electric field
destroy bound eigenstates which exist only for |κ| < 0 when superpotential is
real. Note also that as a result of SUSY all nonzero energy levels are two-fold
degenerated.
We presented examples of exact solutions of the problem. In the first ex-
ample we considered ordinary Dirac oscillator in uniform electric field. The
energy spectrum for this case was found. In contrast to the non-relativistic
harmonic oscillator the energy spectrum for this example essentially depends
on the strength of electric field. New feature in this case is that sufficiently
strong electric field destroys the bounded states. In relation with this it is
worth to mention the paper [15] where the authors study (2 + 1) dimensional
massless Dirac oscillator in the presence of perpendicular magnetic and trans-
verse electric fields. The authors found essential dependence of spectrum on
the magnetic field, namely, there exists a critical magnetic field such that the
spectrum is different in the two regions for magnetic field that less critical
value and magnetic field that large critical value. As a second example we
considered the generalized Dirac oscillator in non-uniform electric field. In
this case the sufficiently strong electric field also destroys the bounded states.
So, choosing different shape invariant superpotentials one obtain new exactly
solvable generalized Dirac oscillators in the electric fields.
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